In this paper, we investigate two types of nonlocal soliton equations with the parity-time (PT) symmetry, namely, a two dimensional nonlocal nonlinear Schrödinger (NLS) equation and a coupled nonlocal Klein-Gordon equation. Solitons and periodic line waves as exact solutions of these two nonlocal equations are derived by employing the Hirota's bilinear method. Like the nonlocal NLS equation, these solutions may have singularities. However, by suitable constraints of parameters, nonsingular breather solutions are generated. Besides, by taking a long wave limit of these obtained soliton solutions, rogue wave solutions and semi-rational solutions are derived. For the two dimensional NLS equation, rogue wave solutions are line rogue waves, which arise from a constant background with a line profile and then disappear into the same background. The semi-rational solutions shows intriguing dynamical behaviours: line rogue wave and line breather arise from a constant background together and then disappear into the constant background again uniformly. For the coupled nonlocal KleinGordon equation, rogue waves are localized in both space and time, semi-rational solutions are composed of rogue waves, breathers and periodic line waves. These solutions are demonstrated analytically to exist for special classes of nonlocal equations relevant to optical waveguides.
Introduction
Since Bender and Boettcher [1] showed that in the spectrum of the Hamiltonian, large amounts of non-Herimitan Hamiltons with Parity-time-symmetry (PT-symmetry) possess real and positive spectrum, the PT-symmetry has been an interesting topic in quantum mechanics and has significant impact. In general, a non-Hermitian Hamiltonian H = @ xx + V(x) is called PT-symmetric if V(x) holds for V(x) = V Ã (−x). If set V(x, t) = p(x, t)p Ã (−x, t) in the Hamiltonian H above, then the Schrödinger equation ip t = Hp is PT-symmetric. In recent years, many works on PT-symmetry have been presented [2] [3] [4] [5] [6] . PT-symmetry has been widely applied to many areas of physics, such as optics [4, 7, 8] , such as Bose-Einstein condensates [9] , such as quantum chromodynamics [10] , and so on.
Solutions of the two dimensional nonlocal NLS equation
The two dimensional nonlocal NLS equation is translated into the bilinear form
Ã ðÀ x; À y; tÞ À f 2 ; ð4Þ through the variable transformation
Here f, g are functions with respect to three variables x, y and t, and satisfy the condition where P is a polynomial of D x , D y , D t , Á Á Á. By the Hirota's bilinear method with the perturbation expansion [44] , and take f and g be the forms of 
where P j , Q j are freely real parameters, and γ j = ±1. The natation ∑ μ = 0 indicates summation over all possible combinations of μ 1 = 0, 1, μ 2 = 0, 1, . . ., μ N = 0, 1; the P N j<k summation is over all possible combinations of the N elements with the specific condition j < k. Remark 1. The constraint (P j − Q j ) 2 < 4 must hold for O j to be real and |cos(ϕ j )|, |sin(ϕ j )|
1.
Following earlier works [14, 15, 76, 77] in the literature, a family of periodic solutions termed nth-order breathers can typically derived by taking parameters constraint
For example, taking parameters in (7)
the first-order breather solution can also be expressed in terms of hyperbolic and trigonometric functions as
where
and
This solution for parameter choices
is shown in Fig 1. As can be seen, solution |u| given by (11) is the first-order line breather in the (x, y)-plane, which arises from the constant background possing profiles of parallel lines, and then decays back to the constant background again at larger time. The line breather is periodic in both x and y directions, and the period is 2p P along x direction, while it is 2p Q along y direction. The line breather has the characters: appearing from nowhere and disappear without a trace, which indicates that line rogue waves may exist in the two dimensional nonlocal NLS equation. Below, we consider rogue waves in two dimensional nonlocal NLS eq (2).
To generate rogue wave solutions of the two dimensional NLS equation, one can take a long wave limit of f 2 and g 2 , i.e., take
in eq (12), λ is an arbitrary real parameter, and λ 6 ¼ 1. Then the first-order rogue wave solution of two dimensional nonlocal NLS eq (2) can be expressed in rational functions as
This rational solution has a line profile with a varying height (see Fig 2) , and is different (2 + 1)-dimensional line solitons. Since the later maintains a perfect profile without any decay during their propagation in the (x, y)-plane. Besides, when t ! ±1, this solution |u| uniform approaches to the constant background 1; but in the intermediate time, |u| attains maximum amplitude 3 (i.e., three times the constant background amplitude) at the center of the line wave (x + λy = 0) at t = 0. Hence this line wave describes the phenomenon: line waves appear from nowhere and disappear without a trace, and they are defined as line rogue waves [50, 51] . It is noted that the orientation of this line rogue wave is almost arbitrary as the parameter λ can be an arbitrary real parameters except 1. In particular, when one takes λ = 0 in the above line rogue wave, hence the solution u is independent of y. In this case, the two dimensional nonlocal NLS equation reduces to the one dimensional NLS equation, and this rogue wave of the two dimensional NLS equation reduces to the Peregrine rogue wave of the one dimensional NLS equation. We have discussed the breather solutions and rogue wave solutions respectively, below we derive a subclass of semi-rational solutions consisting of rogue waves and breathers. The simplest semi-rational solutions composed of one-breather and a fundamental line rogue wave can be generated from the fourth-order soliton. Indeed, taking parameters in (7)
and then taking the limit as P 1 ! 0, P 2 ! 0, functions f and g of semi-rational solution u can be presented as 
and η ℓ , ϕ ℓ and e A 34 are given by (8) . Further, taking parameters constraints
thus mixed solution composed of a fundamental line rogue wave and one line breather is generated. As can be seen in Fig 3, this solution approaches to the constant background as |t| >> 0. When a line rogue wave and one line breather arise arise from the constant background, the region of their intersection acquires higher amplitude first (see the panel at t = −2). Then the line breather rises to higher amplitudes in the intersection region, and the line rogue immerse into the line breather (see the panel at t = 0). At larger time, the breather decays back to the constant background with higher speed than the line rogue wave, and the line rogue wave surround by the breather appear on the constant background (see the panels at t = 1, 2). It is noticed that for all times, the maximum amplitudes of the line rogue wave do not exceed 3 (i.e., three times the constant background). As discussed that the maximum amplitude of the fundamental line rogue wave is three time the constant background amplitude, thus this interaction between the line rogue wave and the line breather does not generate very high peaks.
Solutions of the coupled nonlocal Klein-Gordon equation
To using the Hirota bilinear method for constructing soliton solutions of the Eq (3), we consider a transformation different from that considered by Tajiri [78, 79] . Here we allow for non-
, and look for solution in the form
where f, g are functions with respect to three variables x, y and t, and satisfy the condition f Ã ðÀ x; tÞ ¼f ðx; tÞ: ð21Þ
þ is a constant solution of the Eq (3), and under the transformation (20), the Eq (3) is cast into the following bilinear form
We now solve the bilinear Eq (22) by takingf andĝ the forms of (2) in (x, y) plane with parameters
with
where P j is an freely real parameters, and Z 0 j is an complex parameter. Remark 2. The constraint À P 2 j þ 4 ! 0 must hold for and b O j to be real and jcosð b f j Þj; jsinð b f j Þj 1, thus hereafter we only discuss = 1. In particular, when one takes P j = ±2 in (26), the corresponding solutions are independent of t, thus they are periodic line waves which are localized in t direction, and the period is π along x direction, see Fig 4. A family of periodic solutions termed nth-order breathers can typically derived by taking parameters constraint in (23) and (25)
For example, taking parameters in (23)
the first-order breather solution can also be expressed in terms of hyperbolic and trigonometric functions as 
is shown in Fig 4(b) . The corresponding solution is periodic in x direction and localized in t direction, the period is 4π. Besides the breather solutions, a subclass of mixed solution consisting of periodic line waves and breather can also be generated from (23) by taking parameters
in (25) and P 2n+1 = ±2, η 2n+1 is defined in (26) . For instance, taking parameters in (23)
the corresponding solution is shown in Fig 4(c) . It is seen that this solution is composed of a breather and periodic line waves. The period of the breather is 2p P and the periodic line waves is 1.
To generate rogue wave solutions of the coupled nonlocal Klein-Gordon equation, we take a long wave limit off 2 andĝ 2 in (30), i.e., take
in equation (30), then the first-order rogue wave solution can be expressed in rational functions as
The square of the short wave amplitude |u| 2 has four critical points, namely, Based on the analysis of critical points for rogue wave solutions (35) , there are four-petaled rogue wave (i.e., two global maximum points A 1 , A 2 , and two global minimum points A 3 , A 4 ) in the coupled nonlocal Klein-Gordon equation. The maximum value of |A| is 2 at points A 1 and A 2 , while the the minimum value of |A| is 0 at the points A 3 and A 4 . This fundamental rogue wave is illustrated in Fig 5(a) .
Nonlinear wave interactions lead to several interesting dynamics in physical systems. Particularly, they are important in the formation of different wave structures. To show intriguing dynamical behaviour in the coupled nonlocal Klein-Gordon equation, we investigate three types of mixed solutions consisting of rogue waves, breather and periodic line waves. Type 1. A mixture of rogue wave and periodic line waves We first consider the simplest semi-rational solutions, which are composed of a fundamental rogue wave and periodic line waves. Indeed, taking parameter choices in (23) ;
A mixed solution consisting of a rogue wave, one breather and periodic line waves with parameters 
andẐ 3 ;0 3 are given by (24) and (26) . This solution describes an fundamental rogue wave on a background of periodic line waves, see Fig 5(b) . Note that the maximum value of solution |u| is 2, which is the same with the maximum value of fundamental rogue wave solution |u| given by (35) . Thus this interaction between the fundamental rogue wave and the periodic line waves does not generate higher peaks. That is different from the interaction between rogue waves and periodic line waves in the NLS equation, which can generate much higher peaks [12] . Type 2. A mixture of rogue wave and breather Another type of mixed solution is composed of a fundamental rogue wave and one breather, which can be generated from four-soliton solutions. Indeed, taking parameters in (23)
and then taking the limit as 34 are given by (24) and (25). The corresponding solution is shown in Fig 5(c) . It is seen that this solution consists of a rogue wave and a breather. This breather is still periodic in x direction and localized in t direction, the period is j That is different from this type of mixed solutions of the nonlocal NLS equation [13] , as the latter has an unstable period. Type 3. A mixture of rogue wave, breather and periodic line waves At the end of this section, we obtain a subclass of interesting mixed solutions consisting of a rogue wave, a breather and periodic line waves. This type of mixed solutions can be generated by taking a long wave limit of 5-soliton solutions. Taking parameters in (23)
and then taking the limit as P 1 ! 0, P 2 ! 0, functions f and g of semi-rational solutions u and v are a combination of rational and exponential functions. Some interesting structures can be observed, see Fig 5(d) . It is seen that both of the periodic line waves and the breather are periodic in x direction and localized in t direction. The period of the breather is j 
Summary and discussion
In this paper, we proposed two types of nonlocal soliton equations under PT symmetry conditions, namely, a two dimensional nonlocal NLS equation and a coupled nonlocal Klein-Gordon equation. By employing the Hiorta's bilinear method, soliton and periodic line wave solutions were derived. Although these soliton solutions may have singularities, but smooth periodic line waves and breathers have been obtained by taking suitable choice of the parameters. For the two dimensional nonlocal NLS equation, line breathers are both periodic in x and y direction, see Fig 1. For the coupled nonlocal Klein-Gordon equation, breathers are localized in t direction and periodic in x direction, see Fig 4(b) . In particular, a subclass of mixed solution consisting of breathers and periodic line waves is also generated see Fig 4(c) . By taking a long wave limit of soliton solutions, the fundamental rogue wave solutions and semi-rational solutions have been generated. For the two dimensional nonlocal NLS equation, rogue wave solutions are line rogue waves, see Fig 2. The semi-rational solutions describe a line rogue wave and a line breather arising from the constant background together and then disappearing into the constant background again, see Fig 3. For the coupled nonlocal Klein-Gordon equation, except the rogue waves (see Fig 5(a) ), semi-rational solutions describing the interactions between rogue waves, breathers and periodic line waves have also been generated. Three types of them are shown in Fig 5(b) , 5(c) and 5(d). These nonlinear wave interactions lead to several interesting dynamics in physical systems, particularly, they are important in the formation of different wave structures. As there are few researches about the rogue waves of PT-symmetry systems, our research may help to promote the understanding of rogue wave phenomenon in PT-symmetry systems.
